ABSTRACT. The object of our research is a piecewise Riemannian 2-polyhedron which is a combinatorial 2-polyhedron such that each 2-simplex is isometric to a triangle bounded by three smooth curves on some Riemannian 2-manifold. In the previous paper [4] , which is a joint work with J. Itoh, we have introduced the concept of total curvature for piecewise Riemannian 2-polyhedra and proved a generalized Gauss-Bonnet theorem and a generalized Cohn-Vossen theorem. In this paper, we shall give a definition of flatness of piecewise Riemannian 2-polyhedra and characterize them.
of manifolds. For our research object "polyhedra," the concept of "Curvature" has been introduced and remarkable results are obtained by Banchoff [3] for any dimensional compact piecewise linear polyhedra, and by Ballman-Brin [1] and Ballman-Buyalo [2] for 2-dimensional cocompact piecewise Riemannian polyhedra. My interest is based particularly on the study of noncompact case from the view point of total curvature. In our previous paper [4] with J. Itoh, we have defined two kinds of total curvature for noncompact piecewise Riemannian 2-polyhedra, total curvature and weak total curvature, which both coincide with the usual definitions for Riemannian manifolds or compact 2-polyhedra. It is naturally and easily seen that a generalized Gauss-Bonnet theorem holds under these total curvatures. Furthermore, in [4] , we have shown the difference between the geometric meanings of these two kinds of total curvature, and under the assumption of admitting total curvature (not weak total curvature) we have proved a generalized Cohn-Vossen theorem. of the results in our previous paper [4] , and then we have Theorem 2 by applying Nagano's characterization theorem in [5] .
In this section, we will review the definitions of a piecewise Riemannian 2-polyhedron and the total curvature of it after [4] , because it seems that these concepts are not familiar to you. For the definitions of Cat(0)-domain and so on, refer to the Nagano's paper [5] . First we will introduce the definition of a piecewise Riemannian 2-polyhedron. Let X be a 2-dimensional locally finite simplicial complex. In what follows, we also denote the point-set of union of all the simplices of X, the polyhedron of X, by the same symbol X. The metric d on a 2-dimensional polyhedron (simply 2-polyhedron) X is defined as satisfying the following conditions, which is called a piecewise Riemannian metric on X.
ric to some triangle bounded by a piecewise smooth simple closed curve on a
Here we choose a metric such that the induced metric on a 1-simplex adjacent to some 2-simplices is independent of the choice of adjacent 2-simplices. For each 1-simplex which is not a proper face of any 2-simplex, we may choose any metric. Now we define the metric d by Definition 1. We call such a space (X,d) a piecewise Riemannian 2-polyhedron (simply PR 2-polyhedron).
A piecewise Riemannian 2-polyhedron X is said to be piecewise linear (simply PL) if each 2-simplex is isometric to a geodesic triangle on the Euclidean plane R2. Next, for a point p on a piecewise Riemannian 2-polyhedron X, we will introduce two curvatures (the regular curvature and the singular curvature) at p. Definition 3. Let {Di} be an increasing sequence of compact subpolyhedra independent of the choice of {Di}, then it is called the total curvature of X and is denoted by C(X). If C(X) exists, then X is said to admit total curvature.
Definition 4. A noncompact piecewise Riemannian 2-polyhedron X is said to be finitely connected, if it is homeomorphic to a compact piecewise Riemannian
For a finitely connected 2-polyhedron X as above, let Li be the point-set of the linked complex LK(pi) of a removed point pi on X. We may assume that disjoint union of {Li}. Then there is a large compact set D on X such that polyhedron but X is not so, that is, the structure of X as a polyhedron is quite different from that of X. Now, we have the following theorem of a Cohn-Vossen type.
Theorem B (Theorem 4.1 in [4] ). Let X be a finitely connected noncompact complete piecewise Riemannian 2-polyhedron without free faces admitting total curvature. Then we have
It is clear that the total curvature C(X) of a non-compact piecewise Riemannzero, and the geodesic curvatures on essential edges are also nearly zero, where an essential edge means a 1-simplex adjacent to more than three 2-simplices. It is so complicated to characterize the structure of finite total curvature. Now, in a Riemannian case, this condition means asymptotically flatness. Motivated this observation, we shall define a flatness as follows and as a first approach we will characterize in the following simple case. In this section, we will give a classification of flat 2-polyhedra.
To begin with, as a local structure, we have the following connected component of the linked complex LK(x) contains an embedded circle So. Let E = S0 * x be a cone with vertex x and base S0, and S be the space of directions of E at x. It is clear that S is either homeomorphic to a circle or one point set. Then the singular curvature kE(x) of E at x is satisfies Furthermore, from this property, we can make the shape of the space of direc-observation in three steps. First step is to show the following Then we can take disjoint circles S1 and S2 such that S1 is on one component which is a contradiction.
of flat piecewise Riemannian 2-polyhedra for some {i,j}={1,2}. We may assume that i=1 and j=2. Then adding up (3)+(6)-{(1)+(2)}, we have L(e2)=0.
In the same way, L(e1)=0
connected components is just two, and they are the antipodal points of S1 and of S2. Now we will assume that there are three different embedded circles S1, S2 
